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ON EXPONENTIATION AND INFINITESIMAL
ONE-PARAMETER SUBGROUPS OF REDUCTIVE GROUPS
PAUL SOBAJE
Abstract. Let G be a reductive algebraic group over an algebraically closed
field k of characteristic p > 0, and assume p is good for G. Let P be a
parabolic subgroup with unipotent radical U . For r ≥ 1, denote by Ga(r)
the r-th Frobenius kernel of Ga. We prove that if the nilpotence class of U
is less than p, then any embedding of Ga(r) in U lies inside a one-parameter
subgroup of U , and there is a canonical way in which to choose such a subgroup.
Applying this result, we prove that if p is at least as big as the Coxeter number
of G, then the cohomological variety of G(r) is homeomorphic to the variety
of r-tuples of commuting elements in N1(g), the [p]-nilpotent cone of Lie(G).
1. Introduction and Statement of Results
The motivation behind the results in this paper comes from a few different
sources. To begin, let G be a reductive algebraic group over an algebraically closed
field k of characteristic p > 0, and assume further that the prime p is good for the
root system of G. Let P be a parabolic subgroup of G having unipotent radical U ,
and denote by g, p and u the Lie algebras of these various groups. Such Lie algebras
are equipped with a restriction map x 7→ x[p], and we denote by N (g) (resp. N1(g))
the nullcone (resp. [p]-nilpotent cone) of g.
In [11, §2] J.-P. Serre gave an argument, the extent of which was more fully
presented by G. Seitz in [10, §5], establishing that if the nilpotence class of U is
less than p, then there exists an exponential map, exp : u → U , constructed by
taking the exponential map for the corresponding Lie algebra and algebraic group
over Q, proving that the map is defined over Z(p), and then base-changing to k. It
is an isomorphism of algebraic groups, the group structure on u coming from the
Hausdorff formula, and was further proved to be the unique isomorphism which
has tangent map equal to the identity on u, and which is also compatible with the
conjugation action of P [10, Proposition 5.3]. J. Carlson, Z. Lin, and D. Nakano
further showed in [1] that if G is simple, and if N1(g) is a normal variety, then
this exponential map can be extended to a G-equivariant isomorphism between
N1(g) and U1(G), the p-unipotent subvariety of G(k). In particular if p ≥ h, the
Coxeter number of G, then this extension exists (a fact independently observed by
G. McNinch in [8, Remark 39]).
We denote by Ga(r) the r-th Frobenius kernel of the additive group Ga. An infin-
itesimal one-parameter subgroup of G is a homomorphism of affine group schemes
over k, ϕ : Ga(r) → G, for some r ≥ 1. Following [14] we will refer to the set
of morphisms Homgs/k(Ga(r), G) as the variety of infinitesimal one-parameter sub-
groups of G of height ≤ r. That this set has the structure of an affine variety is
established in [14, Theorem 1.5]. In the case r = 1, one can show that there is a
natural isomorphism
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(1.1) Homgs/k(Ga(1), G) ∼= N1(g).
Suppose now that U is as above. If x ∈ u = N1(u) ([7, 4.4]), let ϕx be the
corresponding element in Homgs/k(Ga(1), U) given by (1.1). The exponential map
constructed in [10, Proposition 5.3] produces a one-parameter subgroup
expx : Ga → G, s 7→ exp(sx).
This one-parameter subgroup, when restricted to Ga(1) ≤ Ga, will equal the mor-
phism ϕx. Thus, the existence of the exponential map on u can be used to prove that
every height 1 infinitesimal one-parameter subgroup of U lies inside a one-parameter
subgroup of U , while the uniqueness of the exponential provides a canonical, or pre-
ferred, such subgroup for each x ∈ u. Stated another way, exponentiation on u gives
a canonically defined map of sets
exp1U : Homgs/k(Ga(1), U)→ Homgs/k(Ga, U)
with certain desirable properties.
In this paper, our first objective is to generalize this notion to arbitrary Frobenius
kernels of Ga. Specifically, we prove:
Theorem 1.1. Let G be a reductive group, and assume that p is good for G.
Let P be a parabolic subgroup of G with unipotent radical U , and assume that the
nilpotence class of U is less than p. Then, for each r ≥ 1, there is a canonically
defined map
exprU : Homgs/k(Ga(r), U)→ Homgs/k(Ga, U),
such that for all ϕ, φ ∈ Homgs/k(Ga(r), U):
(1) exprU (ϕ)|Ga(r) = ϕ.
(2) If σ is an automorphism of P , then exprU (σ ◦ ϕ) = σ ◦ exp
r
U (ϕ). In partic-
ular, exprU is compatible with the conjugation action of P .
(3) [ϕ(a), φ(b)] = 1 for all a, b ∈ Ga(r)(A) and all commutative k-algebras A, if
and only if [exprU (ϕ)(c), exp
r
U (φ)(d)] = 1 for all c, d ∈ Ga(A), and all A.
The proof of this theorem does not involve reduction mod p, but rather analyzes
Hopf algebra homomorphisms between the coordinate algebras of the relevant affine
group schemes. Nonetheless, we show that when r = 1 this result agrees with the
extension of height 1 infinitesimal one-parameter subgroups coming from the work
of [10, 5.3].
We next show that the method of proof for Theorem 1.1 allows for a fairly easy
extension to a G-orbit. Recall that the conjugation action of G on itself induces an
action of G on Homgs/k(Ga(r), G), of which Homgs/k(Ga(r), U) is a subset.
Theorem 1.2. Let p be good for G, and let P be a parabolic subgroup of G with
unipotent radical U having nilpotence class less than p. For each r ≥ 1, the map
exprU extends to a map
expr : G ·Homgs/k(Ga(r), U)→ Homgs/k(Ga, G),
given by expr(g · ϕ) := g · exprU (ϕ), for all g ∈ G(k), ϕ ∈ Homgs/k(Ga(r), U).
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The main application we give for these results is in describing varieties of infini-
tesimal one-parameter subgroups. Let H(r) be the r-th Frobenius kernel of an affine
algebraic group H . The work of E. Friedlander and A. Suslin in [2] paved the way
for adapting cohomological techniques, used in the representation theory of finite
groups and restricted Lie algebras, to study representations of H(r). The authors,
in collaboration with C. Bendel, then followed up on this in [14] and [15] where
they proved in particular that the maximal ideal spectrum of the cohomology ring
of H(r) is homeomorphic to the variety of infinitesimal one-parameter subgroups of
H of height ≤ r. As noted in [14], this result provides an incentive for finding an
explicit description of Homgs/k(Ga(r), H). We recalled in (1.1) that there is such
a description in the case r = 1 (this result holding for any algebraic group H , not
only reductive groups). However, when r > 1, the situation becomes much more
complicated.
It was shown in [14] that for GLn there is a natural identification between
Homgs/k(Ga(r), GLn) and the variety of r-tuples of commuting elements in N1(gln).
Unfortunately this description does not immediately transfer to arbitrary closed
subgroups of GLn (replacing N1(gln) with N1(g)), but only those subgroups which
are of exponential type. It turns out that various classical subgroups of GLn satisfy
this property (see Proposition 1.2 and Lemmas 1.7, 1.8 of [14]), but in general
determining which subgroups are of this type is somewhat difficult. In [7, Theorem
9.5], G. McNinch was able to prove that every semisimple group G has an embed-
ding into some GLn which is of exponential type, assuming that p is large enough,
the bound depending on G. In particular, the methods of [7] show that if G is an
adjoint semisimple group, the condition p > 2h− 2 is sufficient.
In our final result, we avoid exponential type embeddings altogether by proving
directly that if G is reductive and p ≥ h, then Homgs/k(Ga(r), G) has a description
analogous to that for GLn. Noting in this case that N (g) = N1(g), we prove:
Theorem 1.3. Let G be a reductive group. Assume that p ≥ h, and that PSLp
is not a simple factor of [G,G]. Then there is a natural identification between
Homgs/k(Ga(r), G) and the variety
Cr(N (g)) := {(x0, x1, . . . , xr−1) | xi ∈ N (g), [xi, xj ] = 0}.
This identification sends the r-tuple (x0, x1, . . . , xr−1) to the morphism
expx0exp
(1)
x1 · · · exp
(r−1)
xr−1 ,
where for a ∈ Ga(k), exp
(i)
xi (a) = expxi(a
pi).
This result is of interest both because of what it proves, and also because its
proof is intrinsic, not depending on an embedding of G into GLn. This directly
addresses a question raised in [14, Remark 1.9], and builds upon some earlier work
in this direction by McNinch ([7], introduction and section 9.6).
This paper is organized as follows. Section 2 begins by recalling some of the rel-
evant concepts and terminology, and then proceeds in proving lemmas and propo-
sitions which culminate in establishing Theorem 1.1. Section 3 is then devoted to
extending this to G-orbits, proving Theorem 1.2. The final section deals infinitesi-
mal one-parameter subgroups and a proof of Theorem 1.3.
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2. Exponentiation for Parabolic Subgroups
Let G be a reductive algebraic group over k with parabolic subgroup P . We will
assume throughout that p is a good prime for G. This implies that p > 2 if G has
a component of type B,C or D; p > 3 if G has a component of type E6, E7, F4 or
G2; and p > 5 if E8 is a component of G.
Choose B to be a Borel subgroup of P , and T a maximal torus contained in
B. We will denote by U the unipotent radical of P . As we will need to view each
of these objects within the larger category of affine group schemes over k, we will
henceforth use G(k), P (k), etc. to refer specifically to the k-rational points of the
given scheme. We recall that an affine group scheme H over k is a representable
functor from the category of commutative k-algebras to groups, and we denote
by k[H ] the coordinate (or representing) algebra of H . It is a commutative Hopf
algebra over k, and in the case that H is the affine group scheme coming from
an algebraic group, then k[H ] is also the ring of regular functions on H(k). Any
morphism of affine group schemes f : H1 → H2 is equivalent to a comorphism
f∗ : k[H2]→ k[H1] which is a homomorphism of Hopf algebras (cf. [17]).
The group scheme Ga has coordinate algebra k[t], with the comultiplication
specified by ∆(t) = t ⊗ 1 + 1 ⊗ t. The coordinate algebra of Ga(r) is the quotient
k[t]/(tp
r
), (tp
r
) being a Hopf ideal of k[t]. At this point, let us outline the basic
idea behind our approach. Any morphism ϕ : Ga(r) → U is given by a comorphism
ϕ∗ : k[U ] → k[t]/(tp
r
). As we will see in a moment, k[U ] is a free k-algebra (in
fact, this is true for any connected unipotent algebraic group over k). It follows
that we can “lift” this comorphism to an algebra map ϕ˜∗ : k[U ] → k[t] such that
ϕ∗ = πr ◦ ϕ˜∗, where πr is the canonical projection k[t] → k[t]/(tp
r
). To obtain a
one-parameter subgroup of U , we must first define exactly what lifting of ϕ∗ we are
taking, and then prove that this map is a morphism of Hopf algebras. But before
doing this, we will need to establish some facts about the algebra and coalgebra
structure of k[U ].
Let Φ be the root system of G with respect to T . For each α ∈ Φ, fix a root
homomorphism uα : Ga → G. Let Uα be the image of Ga under uα. We will
choose our set of simple roots Π ⊆ Φ so that B is generated by T and all root
subgroups Uα, α ∈ Φ+. There is a J ⊆ Π such that P is generated by B and
the root subgroups Uα, α ∈ ΦJ , where ΦJ = ZJ ∩ Φ [12, 8.4.3]. By setting
Φ+J = ΦJ ∩ Φ
+, and Φ−J = −Φ
+
J , we note that P is generated by B and the root
subgroups corresponding to Φ−J . The unipotent radical U is the subgroup scheme
of P generated by the root subgroups Uα, α ∈ Φ+\Φ
+
J .
Fix a total order on the set of roots, and let n = |Φ+\Φ+J |. As can be deduced
from [12, 8.2.1], there is an isomorphism of varieties
Gna(k)
∼
−→ U(k),
given by sending (a1, a2, . . . , an) to uα1(a1)uα2(a2) · · ·uαn(an), the order on the
right given by our total order. We can then identify k[U ] as a polynomial ring
k[Yα1 , Yα2 , . . . , Yαn ], where
Yαi (uα1(a1)uα2(a2) · · ·uαn(an)) = ai.
If β ∈ Φ, it can be uniquely expressed as β =
∑
nαα, α ∈ Π. Following D.
Testerman [16], we define the function htJ : Φ→ Z given by htJ(β) =
∑
α∈Π\J nα.
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This function extends linearly to ZΦ. We recall that the nilpotence class of U is
defined to be the least integer e such that U(k)(e) = {1}, where U(k)(0) := U(k),
and U(k)(i) := [U(k), U(k)(i−1)], where here the bracket denotes the commutator
of the two subgroups. As noted in the paragraph preceding [10, Proposition 3.5],
the nilpotence class of U is equal to the maximum value of htJ(α), as α ranges
over the positive roots (the statement in [10] deals with simple groups, but adapts
easily to reductive groups following the observation in [7, Lemma 4.3]).
Let M be a T -module, and denote by X(T ) the character group of T . We will
write Mλ for the subspace of M on which T acts by λ ∈ X(T ). The right action of
P on U by conjugation gives k[U ] the structure of a left P -module. In particular,
the action of T on U makes k[U ] into a T -module, the element Yα having weight −α
[4, II.1.7]. It is easy to see then that the monomial
∏
Y
nαi
αi has weight
∑
nαi(−αi),
so that the weights of k[U ] are precisely those λ ∈ Z≤0(Φ+\Φ
+
J ). In particular,
each such λ has the property that htJ(λ) ≤ 0.
It will also be important for us to observe that by letting P act on U × U
componentwise, the multiplication map U × U → U is P -equivariant, so that the
comultiplication ∆ : k[U ]→ k[U ]⊗ k[U ] is a homomorphism of P -modules. Thus
(2.1) ∆(k[U ]λ) ⊆ (k[U ]⊗ k[U ])λ =
∑
λ1+λ2=λ
k[U ]λ1 ⊗ k[U ]λ2
The next lemma and definition will be useful in stating precisely what we mean
by lifting the comorphism ϕ∗ : k[U ] → k[t]/(tp
r
) to an algebra map from k[U ] to
k[t].
Lemma 2.1. Let V be the subspace of k[t] consisting of all polynomials of degree
less than pr. Then the projection πr : k[t] → k[t]/(t
pr) induces an isomorphism of
coalgebras V ∼= k[t]/(tp
r
).
Remark 2.2. Although this result is clear, we mention it primarily to point out
that the comultiplication on the two spaces is identical.
Definition 2.3. Let X := {x1, . . . , xn} be a subset of k[U ] on which k[U ] is free
as a k-algebra. Let f be a homomorphism of k-algebras from k[U ] to k[t]/(tp
r
).
We define fX : k[U ] → k[t] to be the k-algebra map defined by sending each xi
to the unique polynomial of degree less than pr in π−1r (f(xi)). In other words,
fX(xi) = V ∩ π−1r (f(xi)).
Now, let ϕ : Ga(r) → U be a morphism of affine group schemes with comorphism
ϕ∗ : k[U ] → k[t]/(tp
r
), and set Y := {Yα1 , . . . , Yαn}. We will show that when the
nilpotence class of U is less than p, so that htJ (α) < p for all α ∈ Φ+, the lifting
ϕ∗Y : k[U ] → k[t] is a morphism of Hopf algebras. To simplify later proofs, we
establish some useful lemmas.
Lemma 2.4. Let x ∈ k[U ]λ, λ 6= 0, and write
ϕ∗(x) = a1t+ a2t
2 + · · ·+ apr−1tp
r−1, ai ∈ k.
If ϕ∗(x) 6= 0, let m be the largest integer such that am 6= 0. Then m ≤
|htJ(λ)|p
r−1.
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Proof. We will proceed by induction on |htJ(λ)|. Note that if |htJ(λ)| = 1, then
λ = −α for some α ∈ Φ+\Φ+J , for if λ was equal to the negative sum of two
roots in Φ+\Φ+J , then the additivity of htJ would imply that |htJ (λ)| ≥ 2. As x
is in I, the augmentation ideal of k[U ], by [17, Ex. 2.3] we know that ∆(x) =
x ⊗ 1 + 1 ⊗ x + z, z ∈ I ⊗ I. However, as |htJ(λ)| = 1, the observation about the
comultiplication of k[U ] given in (2.1) forces z = 0, so that ∆(x) = x⊗ 1 + 1 ⊗ x.
This implies that ai 6= 0 only if i ∈ {1, p, p2, . . . , pr−1}. Thus m ≤ pr−1, so that
the claim is true for |htJ(λ)| = 1.
Now suppose that |htJ(λ)| = j > 1, and that the claim is true for all x
′ ∈ k[U ]λ′
where |htJ(λ′)| < j. If m ≤ pr−1 then we are done, so assume m > pr−1. A basis
for k[t]/(tp
r
)⊗ k[t]/(tp
r
) is given by all simple tensors of the form tc1 ⊗ tc2 , where
0 ≤ ci < pr. Denote this basis by B. We see then that ∆(ϕ∗(x)), written in terms
of the basis B, must contain a term of the form btc1 ⊗ tc2 , where b, c1, c2 6= 0 and
c1 + c2 = m. On the other hand, by (2.1), it follows that
∆(x) ∈ x⊗ 1 + 1⊗ x+
∑
i
yi ⊗ zi
where
yi ⊗ zi ∈
∑
λ1+λ2=λ,λi 6=0
k[U ]λ1 ⊗ k[U ]λ2
As both c1, c2 6= 0, we see that btc1 ⊗ tc2 must lie in the space
∑
λ1+λ2=λ,λi 6=0
ϕ∗(k[U ]λ1)⊗ ϕ
∗(k[U ]λ2)
The condition underneath the summation symbol implies that |htJ(λi)| < |htJ(λ)|,
thus allowing the induction hypothesis to be applied to all elements in k[U ]λi . From
this we conclude that
m = c1 + c2 = |htJ (λ1)|p
r−1 + |htJ(λ2)|p
r−1 ≤ jpr−1 = |htJ(λ)|p
r−1.

In general, the lift in Definition 2.3 will be dependent on the set of algebra
generators which we choose. However, the next lemma will show that this is not a
concern in the special case that we are considering. Let k[U ]<p be the subspace of
k[U ] defined by
(2.2) k[U ]<p :=
∑
|htJ (λ)|<p
k[U ]λ.
If the nilpotence class of U is less than p, we are guaranteed that a set of algebra
generators lies in k[U ]<p (namely, Y ⊆ k[U ]<p). The following lemma shows that
any two choices of algebra generators from k[U ]<p will yield the same lifting.
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Lemma 2.5. Assume that p is greater than the nilpotence class of U , and let
k[U ]<p be the subspace of k[U ] specified in (2.2). Let ϕ
∗ : k[U ] → k[t]/(tp
r
) be the
comorphism of ϕ as above. Then the lifting ϕ∗Y : k[U ]→ k[t] has the property that
for each x ∈ k[U ]<p,
ϕ∗Y (x) = V ∩ π
−1
r (ϕ
∗(x)).
In particular, if X = {x1, . . . , xn} is another subset of k[U ]<p such that k[U ] is a
free k-algebra on X, then ϕ∗X = ϕ
∗
Y .
Proof. An implication of Lemma 2.4 is that for any weight space k[U ]λ, and any
x ∈ k[U ]λ, the degree of ϕ∗Y (x) as a polynomial in k[t] is bounded by |htJ(λ)|p
r−1.
To see this, we note that it is true for the elements Yα, and then by extension to all
monomials in k[U ], the monomials providing basis elements for the various weight
spaces.
By this observation, it follows that ϕ∗Y (k[U ]<p) ⊆ V . This proves the first claim,
and the second follows from the first. 
Proposition 2.6. If the nilpotence class of U is less than p, then ϕ∗Y is a homo-
morphism of Hopf algebras. The definition of ϕ∗Y is also independent both of the
total ordering of the positive roots, and of the choice of root homomorphisms uα.
Proof. To prove the first statement, it suffices that we check that the comultiplica-
tive structures on each Hopf algebra are preserved. But this is the same as showing
that two different algebra homomorphisms from k[U ] to k[t] ⊗ k[t] agree on all
elements in k[U ], thus we can further reduce to proving that comultiplication is
preserved on the set of algebra generators given by Y .
As noted in Lemma 2.1, any element x ∈ V has the “same” comultiplication as
does πr(x) ∈ k[t]/(tp
r
). We will thus have that ∆(ϕ∗Y (Yα)) = ϕ
∗
Y ⊗ ϕ
∗
Y ◦∆(Yα) if
and only if ϕ∗Y ⊗ ϕ
∗
Y ◦∆(Yα) =
∑
Ri(t) ⊗ Qi(t) where all Ri(t), Qi(t) ∈ V . Since
we are assuming that p > |htJ(α)| for all α ∈ Φ+\Φ
+
J , it follows from Lemma 2.4
and (2.1) that the degree of each polynomial Ri(t), Qi(t) is less than p · pr−1 = pr.
To prove the second claim, we see that a different choice of root homomorphisms
and/or total order on the roots amounts to a different choice of algebra generators
Y ′α. We note however that Y
′
α also has weight −α (though is not necessarily a
scalar multiple of Yα). If we let Y
′ denote our new choice of algebra generators,
the previous remarks show that Y ′ ⊆ k[U ]<p. We now can apply Lemma 2.5 which
states that ϕ∗Y = ϕ
∗
Y ′ . 
We can now define a set map
exprU : Homgs/k(Ga(r), U)→ Homgs/k(Ga, U),
which takes ϕ ∈ Homgs/k(Ga(r), U) to the element in Homgs/k(Ga, U) having co-
morphism ϕ∗Y . Theorem 2.8 will show that this map satisfies certain important
properties, and that it is canonically defined. We must, however, make a few more
recollections and definitions before stating the theorem.
First, we recall that the inclusion Ga(r) →֒ Ga induces a restriction map
res : Homgs/k(Ga, U)→ Homgs/k(Ga(r), U).
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Next, we note that every automorphism of P sends U to itself, and thus acts (by
composition of morphisms) on the sets Homgs/k(Ga, U) and Homgs/k(Ga(r), U). If
h is such an automorphism, we say that exprU is compatible with h provided that
exprU (h ◦ ϕ) = h ◦ exp
r
U (ϕ), for all ϕ ∈ Homgs/k(Ga(r), U). We say that exp
r
U is
compatible with the conjugation action of P (k) if it is compatible with all inner-
automorphisms of P .
Finally, we will need to define the notion of commuting morphisms between affine
group schemes.
Definition 2.7. Let H1, H2 be affine group schemes over k, and let ϕ, ϕ
′ be ele-
ments in Homgs/k(H1, H2). Then we will say that ϕ and ϕ
′ commute, and write
[ϕ, ϕ′] = 0, if the following composition
H1 ×H1
ϕ×ϕ′
−−−→ H2 ×H2
mH2−−−→ H2
is a morphism of affine group schemes from H1×H1 to H2, where mH2 denotes the
multiplication map of the group scheme H2.
We can now state the main result of this section:
Theorem 2.8. Let P,B, T , and U be as above, and assume that p is greater than
the nilpotence class of U . Then for every r ≥ 1, there is a map of sets
exprU : Homgs/k(Ga(r), U)→ Homgs/k(Ga, U)
where exprU (ϕ) is the morphism with comorphism ϕ
∗
Y . This map satisfies the fol-
lowing properties:
(1) res ◦ exprU = id.
(2) If ϕ, φ ∈ Homgs/k(Ga(r), U), then
[ϕ, φ] = 0 if and only if [exprU (ϕ), exp
r
U (φ)] = 0
(3) exprU is compatible with the conjugation action of P .
(4) exprU does not depend on the choice of B or T , and is compatible with any
automorphism of P .
Proof. Proposition 2.6 establishes the existence of exprU , and (1) is clear given the
way we have defined the comorphism ϕ∗Y .
(2) First we observe that [exprU (ϕ), exp
r
U (ϕ
′)] = 0 implies [ϕ, ϕ′] = 0, which is
easily seen by restricting the morphism in the first case to the subgroup scheme
Ga(r)×Ga(r). The main work involved in showing the reverse implication deals with
reinterpretting our definition of “commuting morphisms” in terms of their comor-
phisms, for then the proof will be reasonably straight-forward given our previous
work. The statement that
Ga ×Ga
expr
U
(ϕ)×expr
U
(φ)
−−−−−−−−−−−→ U × U
mU−−→ U
is a morphism of affine group schemes is equivalent to saying that the composite of
maps:
k[U ]
∆
−→ k[U ]⊗ k[U ]
ϕ∗
Y
⊗φ∗
Y−−−−−→ k[t]⊗ k[t]
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is a morphism of Hopf algebras (and we have the analogous statement in the Ga(r)
case). Now this composite is a morphism of k-algebras (for both maps in the chain
are), so we just must verify that it is a map of coalgebras. Note that the coalgebra
structure on k[t]⊗ k[t] is given by
k[t]⊗ k[t]
∆⊗∆
−−−→ k[t]⊗ k[t]⊗ k[t]⊗ k[t]
id.⊗τ⊗id.
−−−−−−→ k[t]⊗ k[t]⊗ k[t]⊗ k[t]
where τ is the twist map sending a simple tensor a⊗b to b⊗a (to see that this is the
correct structure, one can write the diagram for the multiplicative structure placed
on the tensor product of two k-algebras, and then take the “dual” diagram). Using
arguments similar to those appearing earlier, we see that it suffices to check this
map on the elements Yα (because, as observed above, (ϕ
∗
Y ⊗ φ
∗
Y ) ◦∆ is a k-algebra
map). It then follows that if
k[U ]
∆
−→ k[U ]⊗ k[U ]
ϕ∗⊗φ∗
−−−−→ k[t]/(tp
r
)⊗ k[t]/(tp
r
)
respects the comultiplication on the elements in k[U ]<p, then so will (ϕ
∗
Y ⊗φ
∗
Y )◦∆.
This shows that [ϕ, ϕ′] = 0 implies [exprU (ϕ), exp
r
U (ϕ
′)] = 0.
(3) The group P (k) is generated by T (k) and the root subgroups Uα(k) such
that α ∈ Φ+ ∪ ΦJ . By the definition of a weight space, the action of T (k) on k[U ]
stabilizes k[U ]λ for each λ, thus it stabilizes k[U ]<p ⊆ k[U ]. On the other hand,
the action of any x ∈ Uα(k) sends k[U ]λ into
∑
k[U ]λ+cα (c ∈ Z+) [3, 27.2]. Since
htJ(α) ≥ 0 for all α ∈ Φ+ ∪ΦJ , and since htJ(λ) ≤ 0, it follows that for any c such
that k[U ]λ+cα 6= {0} we must have |htJ(λ + cα)| ≤ |htJ(λ)|. Thus the action of x
also stabilizes k[U ]<p, hence all of P (k) does.
Now let x be any element in P (k), let x∗ : k[U ] → k[U ] be the comorphism of
the morphism U(k) → U(k), u 7→ x−1ux. Let ϕ ∈ Homgs/k(Ga(r), U). We have a
composite of morphisms:
k[U ]
x∗
−→ k[U ]
ϕ∗
−−→ k[t]/(tp
r
)
We must now show that (ϕ∗ ◦ x∗)Y and ϕ∗Y ◦ x
∗ produce the same comorphism
k[U ] → k[t]. However, we note that if b ∈ P (k), then x∗(f)(b) = f(x−1bx),
which is to say that x∗(f) = x.f , and by the previous discussion this implies that
x∗(k[U ]<p) = k[U ]<p. Applying Lemma 2.5, we have that (ϕ
∗ ◦ x∗)Y and ϕ∗Y ◦ x
∗
must agree on k[U ]<p. As k[U ] is generated as a k-algebra by k[U ]<p, these maps
then agree on k[U ].
(4) First, we prove that the definition of exprU is not dependent on the choice B
(the case for T is similar). Suppose that B′ is another Borel subgroup of P . Then
there is some x ∈ P (k) such that B′(k) = x−1B(k)x. However, as follows from
the proof of (3), the root subgroups of P with respect to x−1T (k)x will lead to a
different choice of k-algebra generators for k[U ], all of which lie in the set k[U ]<p.
This is to say, the subspace k[U ]<p is independent of the choice of B or T , and thus
so is exprU . We see moreover that under any automorphism, k[U ]<p must be sent
to itself, thus the arguments of (3) apply to any automorphism of P .

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We end this section by relating our results when r = 1 to the to the work found
in [10, 5.2]. To do this, we must first relate the two notions of exponentiation.
Denote by ga the Lie algebra of Ga. It is one dimensional, spanned by the element
(d/dt)(1), which is defined according to
(d/dt)(1)(t) = 1, (d/dt)(1)(ti) = 0 if i > 1
Recall that u is the Lie algebra of U , and suppose that x ∈ u. With the assump-
tion that the nilpotence class of U is less than p, we have that x[p] = 0. The map
sending (d/dt)(1) to x defines a morphism of restricted Lie algebras, ga → u, which
in turn produces a morphism ϕx : Ga(1) → U(1) ⊆ U . Let x
n denote the n-th power
of x as an element in the distribution algebra Dist(U) (see [4, I.7]). One can check
that the comorphism of ϕx is given by
(2.3) Yα 7→
p−1∑
n=0
xn(Yα)
n!
tn
We have then that the comorphism of exp1ϕx : Ga → U sends Yα to the same
expression as in (2.3), only this time as a polynomial in k[t].
On the other hand, consider the map exp : u → U(k) defined in [10, 5.2], and
let x be the same element in u as above. We can define a one-parameter subgroup
expx : Ga(k) → U(k), which sends a ∈ Ga(k) to exp(ax). By [10, 5.2(i)] this
map will have tangent map (d/dt)(1) 7→ x, and is therefore another extension of
ϕx : Ga(1) → U . We claim that the morphisms exp
1
ϕx and expx agree. As they
restrict to the same morphisms over Ga(1), and given (2.3), this will be true if the
comorphism of expx sends each Yα to a polynomial of degree < p in k[t]. But this
must be true, as can be seen in the argument that one can obtain the exponential
over k by base change from the ring Z[ 1(p−1)! ] (see [11, 2.2, Proposition 1] and [7,
§8]).
3. Extension to G-orbits
If H is a subgroup scheme of G, we can view Homgs/k(Ga(r), H) as a subset of
Homgs/k(Ga(r), G) via the inclusion H →֒ G. The left-action of conjugation by G
induces a left-action of G(k) on Homgs/k(Ga(r), G), and we write g ·ϕ for the image
of g ∈ G(k) acting on ϕ ∈ Homgs/k(Ga(r), G). We also have an action of G(k) on
Homgs/k(Ga, G), and will denote this action in the same way.
Now let P, P ′ be conjugate parabolic subgroups of G, with P ′(k) = gP (k)g−1 for
some g ∈ G(k). Denote by U and U ′ the unipotent radicals of P and P ′ respectively.
We see that for ϕ ∈ Homgs/k(Ga(r), U) and φ ∈ Homgs/k(Ga, U), the maps sending
ϕ 7→ g · ϕ, and φ 7→ g · φ define bijections
Homgs/k(Ga(r), U)
∼
−→ Homgs/k(Ga(r), U
′)
Homgs/k(Ga, U)
∼
−→ Homgs/k(Ga, U
′)
Suppose now that U (and therefore U ′) has nilpotency less than p. In the iso-
morphism between U and U ′ (given by conjugating by g), it follows from the proof
of Theorem 2.8(4) that the isomorphism of coordinate algebras k[U ′]
∼
−→ k[U ] must
send k[U ′]<p
∼
−→ k[U ]<p (as subspaces, neither being closed under multiplication).
This implies that for every ϕ ∈ Homgs/k(Ga(r), U), we have
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(3.1) exprU ′(g · ϕ) = g · exp
r
U (ϕ)
In view of this, we have almost established that the exponentiation results for
Homgs/k(Ga(r), U) extend to G · Homgs/k(Ga(r), U). It remains, however, to prove
that if both ϕ and g · ϕ factor through U , then exprU ′ (g · ϕ) = exp
r
U (g · ϕ), which
by (3.1) is equivalent to proving that exprU (g · ϕ) = g · exp
r
U (ϕ).
Theorem 3.1. Let G be a reductive group, P a parabolic subgroup of G with unipo-
tent radical U , and assume that p is greater than the nilpotence class of U . Then
for each r ≥ 1, the map exprU extends uniquely to a map
expr : G · Homgs/k(Ga(r), U)→ G ·Homgs/k(Ga, U)
where expr(g · ϕ) := g · exprU (ϕ) for all g ∈ G(k), and ϕ ∈ Homgs/k(Ga(r), U).
Proof. Let r ≥ 1, and fix B to be some Borel subgroup of P , and choose T to be
a maximal torus of B. Again let Φ be the root system of G with respect to T ,
and choose simple roots so that the root subgroups lying in B come from Φ+. Let
n ∈ G(k) be in the normalizer of T (k), and set P ′ to be the parabolic subgroup
scheme corresponding nP (k)n−1. Suppose that ϕ ∈ Homgs/k(Ga(r), U) is such that
n · ϕ also factors through U . We have then that n · ϕ factors through U ∩ U ′, the
intersection of the unipotent radicals of P and P ′. The group U ∩ U ′ is equal to
the subgroup of U generated by those Uα such that
α ∈ (Φ+\Φ+J ) ∩ w(Φ
+\Φ+J ),
where w is the element in the Weyl group of Φ represented by n (this is observed
for P = B in [13, I.1.3(b)]). Let m = |(Φ+\Φ+J )∩w(Φ
+\Φ+J )|. We can choose total
orderings on the roots in Φ+\Φ+J and w(Φ
+\Φ+J ) and choose our root homomor-
phisms in such a way that
k[U ] = k[X1, . . . , Xm, . . . , Xn], k[U
′] = k[Y1, . . . , Ym, . . . , Yn],
k[U ∩ U ′] = k[Z1, . . . , Zm],
and the inclusions of U ∩ U ′ into U and U ′ have comorphisms
i∗1 : k[X1, . . . , Xm, . . . , Xn]→ k[Z1, . . . , Zm], Xi 7→ Zi (or 0 if i > m),
i∗2 : k[Y1, . . . , Ym, . . . , Yn]→ k[Z1, . . . , Zm], Yi 7→ Zi (or 0 if i > m).
We see then that the lifting of the comorphism k[U ] → k[t]/(tp
r
) to k[t] will
factor through the projection i∗1, and similarly for k[U
′]. Thus the morphisms
exprU (n · ϕ) and exp
r
U ′(n · ϕ) both factor through U ∩ U
′ and necessarily agree by
the construction above, noting that exprU and exp
r
U ′ are independent of our choices
of B and T (and hence B′ and T ′ in P ′), and of our choices of root orderings for U
and U ′. By (3.1) we have that
exprU (n · ϕ) = exp
r
U ′(n · ϕ) = n · exp
r
U (ϕ),
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Now let g ∈ G(k) be arbitrary. The Bruhat decomposition of G allows us to
write g = b1nb2, with n ∈ N(T (k)), bi ∈ B(k). Suppose that ϕ and g ·ϕ both factor
through U . Then nb2 ·ϕ and b2 ·ϕ also factor through U , as b1, b2 normalize U(k).
By the previous arguments, along with Theorem 2.8(3), we get
exprU (g · ϕ) = b1 · exp
r
U (nb2 · ϕ) = b1n · exp
r
U (b2 · ϕ)
= b1nb2 · exp
r
U (ϕ) = g · exp
r
U (ϕ)
By (3.1), this proves that the map expr, given by setting
expr(g · ϕ) := g · exprU (ϕ),
for all g ∈ G(k), and ϕ ∈ Homgs/k(Ga(r), U), is well-defined and compatible with
the conjugation action of G(k). 
Remark 3.2. Suppose that G is semisimple and that p is good for G. By the
work of Nakano, Parshall, and Vella in [9], there exists some P such that U has
nilpotence class less than p, and N1(g) = G · u. If we further assume that p does
not divide the order of the fundamental group of G, and that N1(g) is a normal
variety, then it is shown in [1] that the exponential map defined on u extends to
a G-equivariant isomorphism of varieties between N1(g) and U1(G). However, our
theorem above establishes that even if these additional hypotheses are not satisfied,
the exponential on u at least extends to a G-equivariant map from N1(g) to U1(G).
4. Infinitesimal One-parameter subgroups
We now apply the preceding results to the problem of describing the infinitesimal
one-parameter subgroups of a reductive group G. As we have done previously,
we will first establish the relevant result for the unipotent radical of a parabolic
subgroup, and then proceed to dealing with G. If U is as in Theorem 2.8, then for
all x ∈ u, we continue to denote by expx the one-parameter subgroup of G, given
by sending s ∈ Ga(k) to exp(sx) ∈ U(k) ⊆ G(k), and likewise for the extension of
the exponential to G · u (the existence of which is noted in Remark 3.2).
The proof of this first theorem builds off of the work of G. McNinch in [7, The-
orem 9.6], who first applied the results in [10, Proposition 5.4] towards describing
infinitesimal one-parameter subgroups.
Theorem 4.1. Let G be a reductive group, and assume that P is a parabolic sub-
group of G with unipotent radical U having nilpotence class less than p. Then there
is a natural identification between Homgs/k(Ga(r), U) and the variety
Cr(u) := {(x0, x1, . . . , xr−1) | xi ∈ u, [xi, xj ] = 0}.
This map sends the r-tuple (x0, x1, . . . , xr−1) to the morphism
expx0exp
(1)
x1 · · · exp
(r−1)
xr−1 ,
where for a ∈ Ga(k), exp
(i)
xi (a) = expxi(a
pi).
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Proof. In [10, 5.4], it was shown that the set Homgs/k(Ga, U) can be identified with
the set
{(x0, x1, . . .) | xi ∈ u, [xi, xj ] = 0, and xi = 0 for i large},
where (x0, x1, . . .) is identified with the morphism expx0exp
(1)
x1 · · · , the latter well-
defined because of the condition that xi = 0 for i >> 0. As shown in [7, Theorem
9.6] (which in turn follows the work of [14, Lemma 1.7]), restricting these one-
parameter subgroups to Ga(r) defines an injective map Cr(u)→ Homgs/k(Ga(r), U).
On the other hand, by Theorem 2.8 the restriction
res : Homgs/k(Ga, U)→ Homgs/k(Ga(r), U)
is surjective. Clearly the morphisms corresponding to the elements
(x0, x1, . . . , xr−1, xr, xr+1, . . .) and (x0, x1, . . . , xr−1, 0, 0, 0, . . .)
restrict to the same element in Homgs/k(Ga(r), U), thus the map
Cr(u)→ Homgs/k(Ga(r), U)
is also surjective. 
To extend this result to G, we need to know that there is a P and U as in the
previous theorem with the property that every morphism from Ga(r) to G factors
through a conjugate of U . For r = 1 and p good this fact follows from the work of
[9]. For r > 1, we need a result in [5] due to Levy, McNinch, and Testerman, which
establishes in particular that an embedding of Ga(r) must factor through a Borel
subgroup of G. Their result assumes that p is not a torsion prime for G (see [5,
§2]). On the other hand, for the unipotent radical of a Borel subgroup to satisfy
our nilpotency condition, we must assume that p ≥ h, the Coxeter number of G.
This will guarantee then that p is not a torsion prime, except in the case that PSLp
is a simple factor of the semisimple group [G,G].
Theorem 4.2. Let G and P be as in Theorem 4.1, and assume further that
Cr(N1(g)) = G · Cr(u) and Homgs/k(Ga(r), G) = G · Homgs/k(Ga(r), U).
Then there is a natural identification between Homgs/k(Ga(r), G) and the variety
Cr(N1(g)) := {(x0, x1, . . . , xr−1) | xi ∈ N1(g), [xi, xj ] = 0}.
In particular, if p ≥ h and PSLp is not simple factor of [G,G], then this result
result holds.
Proof. The hypotheses clearly imply that the map defined by
(x0, x1, . . . , xr−1) 7→ expx0exp
(1)
x1 · · · exp
(r−1)
xr−1
is surjective. To see that it is injective, we can follow the proof of [7, Theorem
9.6]. Suppose that expx0exp
(1)
x1 · · · exp
(r−1)
xr−1 = expy0exp
(1)
y1 · · · exp
(r−1)
yr−1 . Up to con-
jugation, we may assume (x0, x1, · · ·xr−1) ∈ Cr(u), so that these maps both factor
through U . We must have that x0 = y0 by restricting to Ga(1). We can then
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multiply each morphism by exp−x0 , since (x0, x1, · · ·xr−1) ∈ Cr(u), thus establish-
ing that exp
(1)
x1 · · · exp
(r−1)
xr−1 = exp
(1)
y1 · · · exp
(r−1)
yr−1 . With F denoting the Frobenius
morphism on Ga, this says that
(expx1 · · · exp
(r−2)
xr−1 ) ◦ F = (expy1 · · · exp
(r−1)
yr−1 ) ◦ F
when restricted to Ga(r). As F (Ga(r)) = Ga(r−1), we can proceed by induction to
see that xi = yi for all i.
Finally, if p ≥ h, then we may select U to be the unipotent radical of a Borel
subgroup of G, as this will have nilpotence class less than p. Since p ≥ h implies
in particular that p is good for G, we have by [7, Lemma 9.7] that any finite set of
pairwise commuting p-nilpotent elements in g lies in the Lie algebra of some Borel
subgroup. On the other hand, if we further assume that PSLp is not a factor of
[G,G], then p will in particular also not be a torsion prime for G, thus [5, Theorem
2.2] implies that Homgs/k(Ga(r), G) = G · Homgs/k(Ga(r), U). 
Acknowledgements: We wish to acknowledge helpful discussions and/or cor-
respondences with Jon Carlson, Eric Friedlander, Jim Humphreys, Zongzhu Lin,
George McNinch, Brian Parshall, and Julia Pevtsova.
References
[1] J. Carlson, Z. Lin, and D. Nakano, Support Varieties for modules over Chevalley groups and
classical Lie algebras, Trans. A.M.S. 360 (2008), 1870-1906.
[2] E. Friedlander, A. Suslin, Cohomology of a finite group scheme over a field, Invent. Math.
127 (1997), 209-270.
[3] J.E. Humphreys, Linear Algebraic Groups, Springer-Verlag, 1975.
[4] J.C. Jantzen, Representations of Algebraic Groups, 2nd ed. Mathematical Surveys and Mono-
graphs, 107, American Mathematical Society 2003.
[5] P. Levy, G. McNinch, and D. Testerman, Nilpotent subalgebras of semisimple Lie algebras,
C. R. Math. Acad. Sci. Paris 347 (2009), no. 9-10, 477-482.
[6] Z. Lin, D. Nakano, Complexity for modules over finite Chevalley groups and classical Lie
algebras, Invent. Math., 138 (1999), 85-101.
[7] G. McNinch, Abelian unipotent subgroups of reductive groups, J. Pure Appl. Algebra, 167
(2002), no. 2-3, 269-300.
[8] G. McNinch, Optimal SL(2)-homomorphisms, Comment. Math. Helv., 80 (2005), no. 2, 391-
426.
[9] D.K. Nakano, B.J. Parshall, and D.C. Vella, Support varieties for algebraic groups, J. Reine
Angew. Math. 547 (2002), 15-49.
[10] G. Seitz, Unipotent elements, tilting modules, and saturation, Invent. Math. 141 (2000) 3,
467-502.
[11] J.-P. Serre, Exemples de plongements des groupes PSL2(Fp) dans des groupes de Lie simples,
Invent. Math. 124 (1-3) (1996) 525-562.
[12] T. A. Springer, Linear Algebraic Groups, Progress in Math. 9, Birkha¨user, 1998.
[13] T.A Springer, R. Steinberg, Conjugacy classes. Seminar on Algebraic Groups and Related
Finite Groups (The Institute for Advanced Study, Princeton, N.J., 1968/69) pp. 167-266
Lecture Notes in Mathematics, Vol. 131 Springer, Berlin, 1970.
[14] A. Suslin, E. Friedlander, and C. Bendel, Infinitesimal 1-parameter subgroups and cohomol-
ogy, Journal of the A.M.S. 10 (1997), 693-728.
[15] A. Suslin, E. Friedlander, and C. Bendel, Support varieties for infinitesimal group schemes,
Journal of the A.M.S. 10 (1997), 729-759.
[16] D. M. Testerman, The construction of the maximal A1’s in the exceptional algebraic groups,
Proc. Amer. Math. Soc. 116 (1992), 635-644.
[17] W. C. Waterhouse, Introduction to Affine Group Schemes, Springer-Verlag, 1979.
ON EXPONENTIATION AND INFINITESIMAL ONE-PARAMETER SUBGROUPS OF REDUCTIVE GROUPS15
DEPARTMENT OF MATHEMATICS & STATISTICS, UNIVERSITY OF MELBOURNE, PARKVILLE, VIC
3010, AUSTRALIA
paul.sobaje@unimelb.edu.au
Phone: +61 401769982
